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The low energy physics of interacting quantum systems is typically understood through the iden-
tification of the relevant quasiparticles or low energy excitations and their quantum numbers. We
present a quantum information framework that goes beyond this to examine the nature of the
entanglement in the corresponding quantum states. We argue that the salient features of the quasi-
particles, including their quantum numbers, locality and fractionalization are reflected in the entan-
glement spectrum and in the mutual information. We illustrate these ideas in the specific context
of the d = 1 transverse field Ising model with an integrability breaking perturbation.
Introduction— Our understanding of quantum
many body theory has been deeply affected by the quan-
tum information “revolution” which has, among other
ideas, led to the systematic study of the entanglement
present in quantum states [1]. The most prominent prod-
uct of this study is the formulation of the area law for
the entanglement entropy (EE), i.e., the von Neumann
entropy S = −TrρA log ρA of the reduced density matrix
ρA of a subsystem A, in ground states of local quantum
systems [2, 3]. That in turn is the basis for an entire
family of tensor network methods for representing and
computing with ground states which has revolutionized
the computational study of quantum many body systems
[4–6]. Moreover, the area law for the EE has led to the
identification of a universal subleading correction, the
topological EE, which is a manifestation of topological
order [7, 8]. Moving beyond the entropy, the entangle-
ment spectrum (ES) has been widely explored [9–16]. Al-
together the study of entanglement has provided a new
route to exploring quantum phases and phase transitions,
and has been very successful in describing a wide variety
of exotic states and related phase transitions [17–19].
In this paper we wish to use the entanglement lens
to look at very low energy dynamics. In this limit, as
is well known, the dynamics in phases can be typically
be understood in terms of the elementary excitations of
the system. Specifically we wish to look at quasiparticles
(QP) which we will take to be gapped particle-like excita-
tions as opposed to collective excitations like Goldstone
bosons[20]. There is however no expectation, as in tradi-
tional many-body physics, that quasiparticles necessarily
have an adiabatic continuation to particle-like excitations
of a free system. In particular, we also consider QPs that
are fractionalized and/or cannot be created by local op-
erators (e.g., spinons or solitons). In doing so, we also
move beyond a body of results on excitations in inte-
grable models [21–25] which prefigures some of our work
although even where our results overlaps theirs, we are
interested in their properties in generic, non-integrable,
systems.
In what follows we study the entanglement structure of
quasiparticle states. The questions of interest are: How
is the entanglement present in the ground state modified
by the presence of the quasiparticle? Are the quantum
numbers of the quasiparticle reflected in the entangle-
ment spectrum of the quasiparticle states? Can we dis-
tinguish quasiparticles created by local operators from
those created by non-local operators via the quantum in-
formation content of the quasiparticle states? To this end
we will present results on the d = 1 transverse field Ising
model with an integrability breaking term added. In the
symmetric/paramagnetic phase the quasiparticle is local
while in the broken symmetry/ferromagnetic phase the
quasiparticle is a domain wall/soliton and thus is created
by a non-local operator. In the symmetric phase we find
the EE exhibits a term above the ground state contribu-
tion that arises from the uncertainty in the position of
the quasiparticle. More finely, we find an exact doublet
structure in the entanglement spectrum for a symmetric
bipartition that we trace to a combination of the symme-
try of the partition and the existence of a Z2 charge car-
ried by the quasiparticle. In the broken symmetry phase
the EE of the domain wall excitation exhibits an addi-
tional universal contribution that reflects the underlying
broken symmetry. As the Z2 charge is no longer well de-
fined, the ES no longer has an exact spectral degeneracy.
Finally, we show that the non-locality of the domain wall
excitation can be detected by computing the long-range
mutual information(MI) between spatially separated qu-
bits in the corresponding quantum state. We briefly dis-
cuss generalizations of these ideas to symmetry fraction-
alization and topological QP in higher dimensions which
will be presented in future publications.
Entanglement in a local QP – Our exemplar of a
local QP will arise in the paramagnetic/symmetric phase
of the d = 1 transverse field Ising model:
H =
∑
i
Jzσ
z
i σ
z
i+1 + hxσ
x
i + Jxσ
x
i σ
x
i+1 (1)
where we have added a weak integrability breaking inter-
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i+1 for genericity. When hx > Jz + O(Jx),
the system is in the paramagnetic phase. In the extreme
limit hx  Jz the ground state is fully polarized in the
x direction and the QP—which we will refer to as a Z2
magnon—is generated by local spin flip operator Qi = σ
z
i
which creates a Z2 charge measured by the parity oper-
ator P =
∏
i σ
x
i . Away from the extreme paramagnetic
limit Qi remains a Z2 odd operator but now spreads out
over a correlation length ξ. With periodic boundary con-
ditions, the system is translationally invariant and the
low energy magnon states are momentum eigenstates of
the form [21],
|ψ1M 〉k =
∑
i
eikriQi|GS〉 (2)
where we have ignored the subleading k dependence of
the operator Qi itself. With open boundary conditions
we will have standing wave analogs thereof.
We will now consider a spatial bipartition into regions
of length pL and (1− p)L.
S1Mp = S
GS
p + p ln(p) + (1− p) ln(1− p) +O(1/L) ,
(3)
irrespective of k. The additional EE due to the presence
of the magnon over the ground state value originates from
the uncertainty in its location relative to the cuts. For a
finite correlation length, there is a finite probability of the
magnon reaching across the cut, yielding O(1/L) correc-
tions. For a symmetric cut in the thermodynamic limit,
the additional EE created by QP is ln(2)—one bit—as
illustrated in Fig. 1.
Figure 1. Difference of the EE between the ground state and
the single magnon excitation in the paramagnetic phase of
the transverse field Ising model with Jx = 0.1 for a reflection
symmetric bipartition. The red marker on the y-axis shows
the expected ln(2) contribution. Inset: The entanglement
spectrum exhibits an inversion symmetry protected two-fold
degeneracy.
We now consider the magnon entanglement spectrum,
defined as γ = − log λ2γ , which is obtained from a
Schmidt decomposition
|ψ1M 〉 =
∑
γ
λγ |γ〉A|γ〉B . (4)
Note that λ2γ are the eigenvalues of the reduced density
matrices ρA and ρB for the two subsystems. For a
reflection symmetric cut (see inset in Fig. 1), the entan-
glement spectrum exhibits an exact two-fold degeneracy.
We now show that this exact degeneracy of the Schmidt
values arises from a combination of the reflection sym-
metry R|ψ1M 〉 = |ψ1M 〉 and the non-trivial Z2 charge of
the magnon P |ψ1M 〉 = −|ψ1M 〉: To this let us assume
instead that the entanglement spectrum contains a non-
degenerate eigenvalue λγ . The state |ψ1M 〉 is symmetric
under R and the Schmidt decomposition is unique up to
unitary rotations among degenerate eigenspaces. Thus
it must hold that |γ〉A = R|γ〉B upto a U(1) phase.
Moreover, for a parity symmetric state, the Schmidt
states are eigenstates with P |γ〉A/B = ±|γ〉A/B . Since
P |ψ1M 〉 = −|ψ1M 〉, |γ〉A and |γ〉B must have opposite
parity eigenvalues.This leads to a contradiction with the
requirement |γ〉A = R|γ〉B as R does not change the
charge. Consequently, all Schmidt values have to be
degenerate [26].
Our discussion above can be readily generalized to ZM
paramagnetic phases. For symmetric bipartitions, the
quasiparticle carrying unit charge (modulo M) in the ZM
transverse Ising model again contributes an additional
EE ln(2) in the large system limit due to its position un-
certainty. However, the entanglement spectrum exhibits
an exact two-fold degeneracy for finite system sizes only
if M is even as we discuss in the Supplementary Material.
Entanglement in non-local QPs– We now move to
the FM phase of the transverse field Ising model whose
Z2 symmetry breaking ground states are two-fold degen-
erate in the infinite system limit. The elementary excita-
tions now are domain walls which are topological defects
between | ↑〉z and | ↓〉z patterns. Creating a domain wall
is clearly a non-local operation involving flipping all the
spins on the left(or right) side of of the intended domain
wall location. As we would like to study finite systems,
boundary conditions now become important. With pe-
riodic boundary conditions, the ground states take the
form of macroscopic superpositions of the | ↑〉z and | ↓〉z
states (“cat states”) which are eigenstates with P = ±1.
Separated from these via a gap we will find states with
pairs of domain walls. As this is a somewhat complicated
situation to think about, let us begin the simpler case of
the FM Ising model with anti-periodic boundary condi-
tions whose ground state contains a single domain wall.
As the eigenstate preserves the Z2 symmetry, for each
configuration with fixed domain wall locations, there are
two globally distinct patterns related by the Z2 symmetry
3as illustrated in Fig. 2. Consequently, its EE with respect
to the partial chain with length pL takes the form,
S1DWp = S
GS
p + p ln(p) + (1− p) ln(1− p) + ln(2) +O(1/L)
(5)
where we assume that pL is much larger than the cor-
relation length. The EE of a single domain wall exci-
tation has three contributions: SGSp is the local EE of
the symmetry broken Ising FM ground state with PBC
which is non-universal and dependent on the local entan-
glement pattern near the cut. The p dependent contri-
bution arises from the domain wall location uncertainty.
The final ln(2) piece is the universal EE due to the macro-
scopic superposition for each fixed domain wall location.
Provided the domain wall excitation is invariant under
Z2, the cat-state with globally distinct patterns persists
so the ln(2) contribution is robust against any perturba-
tion. For a spatial symmetric bipartition, the additional
EE generated by domain wall is then 2 ln(2) as one sees
in the data in Fig. 2. We note that the entanglement
spectrum of the symmetric bipartition does not exhibit
an exact two-fold degeneracy. This lack of degeneracy
arise from the fact that the domain wall does not carry a
well defined Z2 quantum number in the phase where the
symmetry is broken.
Figure 2. Difference of the EE between the symmetry bro-
ken ground state and the single domain wall excitation in
the ferromagnetic phase of the transverse field Ising model
with Jx = 0.1. We use anti-periodic boundary condition and
choose a reflection symmetric bipartition. The red marker
on the y-axis shows the expected 2 ln(2) contribution. Inset:
The entanglement spectrum does not exhibit any symmetry
protected degeneracies.
Returning to the case of PBCs we might expect that
the two domain wall states will exhibit an additional EE
S2DWp − SGSp = f2(p) + ln(2) (6)
where f2(p) is the contribution from the joint location
uncertainty of the two excitations. In the zero-correlation
length limit, we expect f2(p) = p2 ln(p2)+(1−p)2 ln((1−
p)2). The second term in Eq. (6) is the universal ln(2)
EE discussed above. Such a result would again indi-
cate that non-local quasiparticles in symmetry breaking
phases carry two types of information entropy, one from
their positional uncertainty and the other universal piece
from their non-locality. Unfortunately, away from this
limit the explicit form of f2(p) is non-universal and varies
between different eigenstates while depending on micro-
scopic details such as the QP interaction and correlation
length. To extract the universal ln(2) pieces, we consider
the reduced density matrix of a small region with p 1
so the positional uncertainty part almost vanishes and
the EE converges to the universal ln(2). The spirit of the
form in Eq. (6) reveals that the additional EE SDWp −SGSp
carried by the QP states is composed of two additive con-
tributions from the positional uncertainty and the macro-
scopic superposition respectively. The second, universal,
piece will generalize [27] and depends on the dimension
of the ground state manifold in the symmetry breaking
phase, e.g. for the ZM FM Ising model it becomes ln(M).
LRMI in non-local QPs– Following the identifi-
cation of this universal entanglement contribution, we
propose another intimately related entanglement prop-
erty, the long-range mutual information (LRMI) [28] be-
tween spatially widely separated qubits stemming from
the presence of one or more non-local QPs. We again be-
gin with the state containing single domain wall induced
by anti-periodic boundary conditions. As noted above,
the EE of a single spin B is,
S1DWB = ln(2) . (7)
Next we consider the EE of two isolated spins A,C sep-
arated by L/2 as in Fig. 3(a) and (b), and find
S1DWA∪C = 2 ln(2)−O(1/L) . (8)
Due to the uncertainty in the location of the domain
wall, the two spins can be parallel or anti-parallel which
produces ln(2) EE in addition to the universal EE of ln(2)
from the global superposition in a cat state.
Now we place B in the middle of A,C and calculate
the EE for the three isolated spins,
S1DWA∪C∪B = 5/2 ln(2)−O(1/L) (9)
Finally, the mutual information between B and A∪C
is
IB:AC = −S1DWA∪C∪B + S1DWA∪C + S1DWB = 1/2 ln(2) (10)
Such a non-vanishing MI implies that a measurement of
A ∪ C would reduce the information carried by B. This
is obvious in the sense that once A,C are parallel to each
4Figure 3. Mutual information for differnt partitions of the
chain, differentiating the cases of magnon and domain-wall
excitations, in the para- (hx/Jz = 1.6) and ferromagnetic
(hx/Jz = 0.2) phase, respectively. Panels a) and b) show the
tripartite mutual information and its contributions for single
quasi-particle excitations. Panels c) and d) show the quadri-
partite mutual information and its contributions for exicita-
tions of two quasiparticles. The markers on the y-axes show
the expected contribution in the thermodynamic limit.
other, the domain wall is outside so the spin B config-
uration is fixed to be parallel to A,C. In general, the
mutual information between the set of three spins B and
A,C is always non-vanishing provided each pair of them
is far apart.
For QP states containing a pair of domain wall excita-
tion, we still find a non-vanishing mutual information to
appear between three isolated spins and the spin in the
middle shown in Fig. 3(c) and (d).
IC:ABD = S
2DW
A∪B∪D + S
2DW
C − S2DWA∪B∪C∪D = ln(2)− g
(11)
Here g is a non-universal term which depends on the
spatial distribution of the two domain walls and their
interaction with an upper limit g < 79 ln(2) (See Supple-
mentary Material for details). Subsequently, the mutual
information is bounded from below. This non-vanishing
LRMI can be understood as follows: Due to the non-
locality of the DW excitations, the entropy of a single
spin can be strongly reduced when performing a mea-
surement or projection to the spins infinite far away, e.g.,
if we project (A,B,D) to the (1, 0, 0) pattern, the region
between B,D are nearly polarized so C is pinned into
the 0 state.
The LRMI between distant regions generates an ex-
perimentally accessible protocol to probe different types
of QPs via partial measurement of conditional EE [29].
Namely, a measurement of subsystem A leads to a dra-
matic reduction of the bipartite EE of region B even
though they are spatially separated apart. In particu-
lar, the non-vanishing mutual information we explored
in Eqs. (10) and (11) can be extended to Renyi-entropies
which are directly experimentally accessible [30–34].
Generalizations and Outlook– While we intro-
duced our framework by considering eigenstates of the
transverse field Ising chain as concrete examples, the en-
tanglement lens can be applied to characterize QPs in
a much broader sense[35]: For example, QPs can carry
fractionalized quantum numbers, as it is for example the
case in the Majumdara-Ghosh model [36], where domain
walls between different dimerization patterns are S = 1/2
spinons. In this case, the symmetry fractionalization
leads to additional characteristic pattern in the entangle-
ment structure of the QP excitations. Moreover, we ex-
pect that QP excitations in symmetry protected topolog-
ical (SPT) phases [37–39] still exhibit conditional mutual
information despite the fact that the characteristic string
order [40] is only present in the ground state and disap-
pears in QP states. Going beyond the one-dimensional
case, it is an exciting question how to characterize any-
onic QPs that emerge in topologically ordered systems
[41]. Here the non-local nature of the QP is expected to
lead to long range mutual information that allow to char-
acterize the underlying entanglement structure. Another
exciting direction is to investigate the entanglement dy-
namics of individual QP excitations. Imagine we begin
with an initial state by adding a static QP at site-i to
the ground state. The QP will delocalize due to the uni-
tary time evolution and the entanglement growth after
the quench turns out to differ qualitatively between local
and non-local QP.
Conclusions– We proposed a unified way to charac-
terize QPs using the EE and mutual information. We
identified universal properties that provide a powerful
framework to characterize one-dimensional symmetric
and symmetry broken phases of matter via their local
and non-local QP excitations, respectively. Thus the low
energy QP state inherits the underlying symmetry struc-
ture of the ground state. Broadly speaking, our approach
provides a new route to probe QP and collective excita-
tions in complex quantum materials.
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6SUPPLEMENTAL MATERIAL
UNIVERSAL EE FOR NON-LOCAL QP
We elucidate the origin of universal ln(2) EE for domain wall excitations with respect to different spatial partitions.
For FM Ising model with anti-periodic boundary conditions and a single domain wall fluctuating in the bulk, its
entanglement eigenvectors with respect to the partial chain with length pL are,
q1 = |0...1〉, q2 = |1...0〉, q3 = |0...0〉, q4 = |1...1〉, (S1)
Here q1, q2 label the states carrying a fluctuating domain wall inside the region. q1, q2 label the states carrying a
fluctuating domain wall outside the region. As the reduced density matrix is invariant under Z2 symmetry, we require
q1, q2 patterns to be degenerate in the entanglement spectrum and same applies to q3, q4. This indicates there exist
two distinct patterns with the same domain wall location in the reduced density matrix. Subsequently, we obtain
additional universal ln(2) contribution to the EE.
MUTUAL INFORMATION LOWER BOUND
For the QP state with a pair of domain wall excitations, the non-vanishing mutual information appears between
three isolated spins and the spin in the middle as illustrated in the inset of Fig. 3(d).
IC:ABD = S
DW
A∪B∪D + S
DW
C − SDWA∪B∪C∪D = ln(2)− g (S2)
Here g is a non-universal piece which indicates the additional entropy generated by the location uncertainty of
the domain wall if we include the additional C spin between B,D. Its value depends on the spatial distribution
of the two domain walls and their interaction. To demonstrate the non-vanishing mutual information, we need to
derive the upper limit of g. Generally speaking, adding a spin-1/2 degree of freedom to the reduced density matrix
creates additional entropy with a maximum of ln(2). However, if there is no domain wall between B,D, including
the additional C does not create new uncertainty so the entropy does not change. If there is a single domain wall
between A,D and another between A,B (with probability 2/9), the configuration of C is pinned to be parallel to
B,D so there is no additional entropy generated. Based on this estimate of the upper limit, we reach the conclusion
that g < (1− 2/9) ln(2) = 7/9 ln(2).
Z3 PM PHASE
In this section, we generalize our search of QP entanglement to ZM Ising models. We begin by examining the QP
entanglement spectrum in the in the paramagnetic phase of the Z3 clock model .
H =
∑
i
σ†iσi+1 + hτi,
τiσj = e
i2pi/3δijσjτi (S3)
For the QP state with zero momentum, its wave function carrying charge 1 (modulo 3) is both reflection and Z3
symmetric. However, neither of these symmetries, individually or in combination, renders a projective symmetry for
the reduced density matrix with respect to the partial spin chain. In particular, for a center symmetric cut, the QP
wave function has the Schmidt decomposition,
|ψ1M 〉 =
∑
γ
λγ |γ〉A|γ〉B . (S4)
One can have an equal configurations as |γ〉A = |γ〉B , each of which carries charge 2(modulo 3). Such configuration
still denotes a charge 1 QP state with a unique energy level in the ES. Hence, the QP ES in Z3 paramagnetic chain
does not render any nontrivial degeneracy as we shown in Fig. S1. The same conclusion applies for other QP states
in Z2m+1 clock model.
7Figure S1. The entanglement spectrum of the zero-momentum QP excited state in Z3 clock model with 12 sites and h = 3.8.
Likewise, for Z2m Ising PM phase, the QP wavefunction carries odd charge so the reduced density matrix for each
half-chain renders a symmetric partition of even and odd charge patterns. This again enforces a two-level degeneracy
in the entanglement spectrum.
Despite the lack of an exact degeneracy in the QP entanglement spectrum for the Z3 case, we still expect that the
additional EE created by QP converges to ln(2) due to QP location uncertainty.
Assume the ground state with net charge has the following Schmidt decomposition,
|GS〉 =
∑
γ
λ′γ |γ〉A|γ〉B . (S5)
As the PM state is short-range entangled with a finite correlation length, the Schmidt states |L〉a differ near the cut
but share the same pattern far from the cut. Thus, for any local operator Si in the left half of the chain far from the
cut,
Tr[Siρ
L] = 〈GS|Si|GS〉 (S6)
The QP state can be represented as,
|ψ1M 〉k =
∑
i
eikriQi|GS〉
=
∑
γ
λ′γ [(
∑
i∈L
eikriQi)|γ〉A|γ〉B + |γ〉A
∑
i∈R
(eikriQi)|γ〉B ] (S7)
With Qi being the operator that creates a charged excitation around site-i.
For Qi far from the cut,
〈γ|AQi|γ′〉A = 〈GS|Qi|GS〉 = 0 (S8)
Provided Qi is the QP operator with a finite gap, its ground state expectation value vanishes. Thus, we reach the
conclusion that |γ〉A and (
∑
i∈L e
ikriQi)|γ〉A are almost an orthogonal basis with an overlap decaying to zero in
the thermodynamic limit (with O(1/L) power-law correction). This further implies the EE has an additional ln(2)
corresponding to the pattern with or without a quasiparticle in the half-chain.
